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1. Introduction
Let K1 and K2 be two knots in S3. We say K1 1-dominates K2 if there is a proper degree 1 map f : E(K1) → E(K2),
and K2 is the target of the 1-domination. Here, E(K ) denotes the exterior of the knot K in S3. By Property P [11],
K1 1-dominates K2 if and only if there is a proper degree 1 map f : (S3, K1) → (S3, K2) such that f −1(K2) = K1. Ac-
cording to [18], if K1 1-dominates K2, then the genus of K1 is not less than that of K2, and the fundamental group of
E(K1) admits an epimorphism onto that of E(K2). Moreover, 1-dominations between knots constitute a partial order among
knots. The 1-dominations between knots have been studied by some people. One can consult [9,2,3,14]. In particular, in the
last paper, the authors constructed proper nonzero degree, including degree 1, maps between the exteriors of 2-bridge links.
In this paper, we study the 1-dominations between Montesinos knots. Let K be a Montesinos knot, then K can be
presented by m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), where (αk, βk) = 1, for k = 1,2, . . . , s. See Fig. 1, where a box βkαk stands for a rational tangle
of type βkαk . In general, we assume that αk  2. If for some k, αk = 1, then the knot would have a simpler form. Note that
m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), in general, represents a link and that it represents a knot if and only if either there is exactly one even
αk or there is no even αk and there are odd number of odd βk . This follows easily from the argument in [4, 2.9].
In order to describe the relative positions of the rational tangles, we introduce the associated labeled cycle of a Montesinos
knot K =m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), and denote it by C(K ). Label s points on a circle S1 by the rational numbers βkαk in the order as
in the presentation of the knot, the result is the associated labeled cycle of K . See Fig. 1.
The main result of this paper is the following theorem.
Theorem 1. Let K1 and K2 be two Montesinos knots, K1 = m( β
′
1
α′1
,
β ′2
α′2
, . . . ,
β ′r
α′r
) and K2 = m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), where s  6. Then K1
1-dominates K2 if and only if K1 is equivalent to K̂1 which satisﬁes that there is a degree 1 map from the associated labeled cycle
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C(K̂1) to the associated labeled cycle C(K2) such that the following properties hold:
(a) each labeled point in C(K̂1) is sent to a labeled point in C(K2),
(b) the pre-image of the point labeled by βkαk (k = 1,2, . . . , s) in C(K2) is the points labeled by ±
βk
αk
in C(K̂1), and the restriction of
this map on a neighborhood of each point in the pre-image labeled by βkαk (resp. −
βk
αk
) is an orientation preserving (resp. reversing)
homeomorphism.
Remark 1. The if part of Theorem 1 holds for all Montesinos knots without the assumption s 6.
Example 1. Let K1 =m( 13 ,− 13 , 13 , 35 , 15 ) and K2 =m( 13 , 35 , 15 ). Then K1 1-dominates K2. See Fig. 2.
Now we explain the role of the assumption s 6 in Theorem 1. A Montesinos knot m( β1α1 ,
β2
α2
, . . . ,
βs
αs
) can be considered
naturally as a tangle sum of two Montesinos tangles t( βiαi ,
βi+1
αi+1 , . . . ,
βi+ j
αi+ j ) and t(
βi+ j+1
αi+ j+1 , . . . ,
βi−2
αi−2 ,
βi−1
αi−1 ), where the indices
are considered module s. One can see [10, Deﬁnition 3.3.5] for the deﬁnition of tangle sum and [19] for the deﬁnition of
Montesinos tangle. According to [19], a tangle (B, Z) is simple if B \ int(N(Z)) is irreducible, ∂-irreducible, atoroidal and
anannular. By [19, Corollary 1.1], a Montesinos tangle, denoted by t( β1α1 ,
β2
α2
, . . . ,
βs
αs
) is non-simple if and only if one of the
following three conditions holds: (1) s = 1, (2) s = 2, and either βkαk = ± 1αk (mod 1) for k = 1,2 or one of
β1
α1
and β2α2 is
equal to ± 12n (mod 1) for some positive integer n, (3) s 3, and either β1α1 or
βs
αs
is equal to ± 12n (mod 1) for some positive
integer n. If s 6, then the Montesinos knot m( β1α1 ,
β2
α2
, . . . ,
βs
αs
) is the tangle sum of two simple Montesinos tangles. In fact,
since there is at most 1 even number in the set {α1,α2, . . . ,αs}, we can decompose m( β1α1 ,
β2
α2
, . . . ,
βs
αs
) into two Montesinos
tangles each of which contains at least 3 rational tangles, and the possible rational tangle, which corresponds to a rational
number with even denominator, is neither leftmost nor rightmost in the Montesinos tangle containing it. For more example,
the Montesinos knots m( 13 ,
2
5 ,
3
8 ,
3
5 ) and m(
1
3 ,
1
2 ,
1
3 ,
1
5 ,
2
5 ) are the tangle sums of two simple Montesinos tangles. As we will
see, for the case that the target Montesinos knots can be decomposed as above into two simple Montesinos tangles, the
conclusion of Theorem 1 holds.
From now on, we consider the more general case where the target Montesinos knot is a tangle sum of two simple
Montesinos tangles. By [19, Corollary 1.1], such knots must have at least 4 rational tangles.
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2. Preliminaries
The following theorem implies a classiﬁcation of Montesinos knots with at least 4 rational tangles.
Theorem 2. ([1]) Montesinos links with s rational tangles, s 3 and
∑s
k=1 1αk  s − 2, are classiﬁed by the ordered set of fractions(
β1
α1
(mod 1),
β2
α2
(mod 1), . . . ,
βs
αs
(mod 1)
)
,
up to cyclic permutations and reversal of order, together with the rational number
∑s
k=1
βk
αk
.
Throughout this paper, we denote the double branched covering of a knot K by X(K ), denote the branched covering
map by p : X(K ) → S3. For a Montesinos knot K =m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), if s 4, then X(K ) is a Seifert manifold which can be
presented as {S2; β1α1 ,
β2
α2
, . . . ,
βs
αs
} and whose fundamental group is inﬁnite.
We call the simple closed curve a depicted in Fig. 3 the axis of the Montesinos knot. It is easy to know that p−1(a)
consists of two regular ﬁbers of X(K ) which are symmetric with respect to the covering transformation. For the simple arc
b depicted in Fig. 3, p−1(b) is a regular ﬁber of X(K ) which is invariant under the covering transformation.
We refer the reader to [4] or [5] for a detailed description of X(K ) and its covering transformation.
Lemma 1. Let K be a Montesinos knot with at least 4 rational tangles. Then X(K ) is a Seifert manifold admitting the geometry of
˜SL2(R). In particular, X(K ) admits a unique Seifert ﬁbration.
Proof. Suppose K =m( β1α1 ,
β2
α2
, . . . ,
βs
αs
), then X(K ) = {S2; β1α1 ,
β2
α2
, . . . ,
βs
αs
}. Using Lemma 1, it is routine to verify that the Euler
characteristic of the base orbifold 2 −∑sk=1(1 − 1αk ) < 0 and the Euler number of the bundle ∑sk=1 βkαk = 0. So, according
to [17], X(K ) admits the geometry of˜SL2(R). By [17, Theorem 3.8], the Seifert ﬁbration of X(K ) is unique. 
Lemma 2. Let K be a Montesinos knot with at least 4 rational tangles, and K˜ = p−1(K ). Then K˜ is not null homotopic in X(K ).
Proof. By Lemma 1, X(K ) admits the geometry of˜SL2(R). According to [12], the covering transformation on X(K ) can be
conjugated to an isometry, so its ﬁxed point set, K˜ , is a closed geodesic. Suppose K˜ is null homotopic in X(K ), then it lifts
to a closed geodesic in the universal cover. The projection of a geodesic in the universal cover to the base manifold, H2, is
either a straight line or a point, so the geodesic in the universal cover is not closed. This contradiction implies the desired
conclusion. 
3. Proof of the suﬃciency of Theorem 1
Suppose that the Montesinos knot K1 satisﬁes the assumption of the theorem. We shall construct a 1-domination from
K1 to K2.
We observe that Ki (i = 1,2) is contained in a solid torus Ni which is unknotted in S3, so we try to construct a proper
degree 1 map f : (N1, K1) → (N2, K2) such that f −1(K2) = K1.
As shown in Fig. 4, there are r meridional disks D ′1, D ′2, . . . , D ′r properly embedded in N1 such that T1 =
(N1 \ (D ′1 ∪ D ′2 ∪ · · · ∪ D ′r), K1 \ (D ′1 ∪ D ′2 ∪ · · · ∪ D ′r)) consists of r rational tangles (B ′j, Z ′j) ( j = 1,2, . . . , r). Similarly,
there are s meridional disks D1, D2, . . . , Ds properly embedded in N2 such that T2 = (N2 \ (D1 ∪ D2 ∪ · · · ∪ Ds),
K2 \ (D1 ∪ D2 ∪ · · · ∪ Ds)) consists of s rational tangles (Bk, Zk) (k = 1,2, . . . , s) which is presented by βk .αk
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By the assumption, the set of rational tangles in T1 can be partitioned into sets R1, R2, . . . , Rs satisfying that each
element in Rk (k = 1,2, . . . , s) corresponds to a point labeling ± βkαk in C(K1), and the sum of all rational numbers presenting
elements in Rk is
βk
αk
.
For a rational tangle (B ′j, Z
′
j) in Rk , if it is presented by
βk
αk
, we identify it to the rational tangle (Bk, Zk) in T2, otherwise,
we can construct a proper degree −1 map f : (B ′j, Z ′j) → (Bk, Zk) since the two rational tangles presented by βkαk and −
βk
αk
are the mirror images of each other. In particular, in the former case the map f |∂B ′j : ∂B ′j → ∂Bk is an identiﬁcation, and in
the latter case, it is a reﬂection about a meridian of the solid torus N1 which lies in ∂B ′j .
In the above constructions, each D ′j is sent homeomorphically to some Dk . By the assumption, we can combine all
these proper maps into a proper map f : (N1, K1) → (N2, K2) satisfying that f −1(K2) = K1 and deg( f ) = 1. Moreover,
f sends the meridian of the solid torus S3 \ N1 to the meridian of S3 \ N2. Therefore, we can extend the proper de-
gree 1 map f : (N1, K1) → (N2, K2) to f : (S3, K1) → (S3, K2) satisfying that f −1(K2) = K1. The suﬃciency of Theorem 1 is
proved.
Remark 2. This construction is similar to the construction in [14] in some sense. As shown in Fig. 5, one can construct
1-dominations from Montesinos knots to 2-bridge knots or the Montesinos knots with 3 rational tangles.
4. Proof of the necessity of Theorem 1
Suppose K1 = m( β
′
1
α′1
,
β ′2
α′2
, . . . ,
β ′r
α′r
) 1-dominates K2. Let f : E(K1) → E(K2) be the proper degree 1 map realizing the
1-domination. Let τi be the covering transformation of X(Ki), pi : X(Ki) → S3 be the branched covering map, and
K˜ i = p−1i (Ki), where i = 1,2.
By Property P [11], f sends the meridian of K1 to the meridian of K2. So we can easily obtain the following proposition.
Proposition 1. Let Ki (i = 1,2) be a knot in S3 . Then K1 1-dominates K2 if and only if there is a degree 1 map f˜ : X(K1) → X(K2)
which satisﬁes that:
(1) f˜ is equivariant with respect to the covering transformations, and
(2) f˜ −1(K˜2) = K˜1 .
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Since K1 1-dominates K2, there is a degree 1 map f˜ : X(K1) → X(K2) which satisﬁes the conditions (1) and (2) in
Proposition 1. Let f˜∗ : π1(X(K1)) → π1(X(K2)) be the induced epimorphism between the fundamental groups. Let h′ denote
the regular ﬁber of X(K1) and h the regular ﬁber of X(K2). Since π1(X(Ki)) is inﬁnite, f˜∗([h′]) = [h] by [15, Lemma 2.1].
Lemma 3. Let a′ be the axis of K1 and a the axis of K2 , then we can homotope f so that a′ is sent to a.
Proof. By assumption, there is a properly embedded 4-punctured sphere SC in E(K2) such that E(K2) \ SC consists of the
exteriors of two simple Montesinos tangles. See Fig. 6. So SC must be incompressible in E(K2). We assume that the axis a
lies in SC .
Step 1. Suppose γ is a closed, not necessarily simple, curve in SC which is homotopic in E(K2) to a meridian m of K2. We
claim that γ is homotopic in SC to a component of ∂ SC .
The 4-punctured sphere SC separates E(K2) into two components, denote them by G1 and G2. Both G1 and G2 are
simple, i.e., they are irreducible, ∂-irreducible, atoroidal and anannular. Suppose the meridian m lies in ∂G1. Since γ is
homotopic in E(K2) to m, there is a map g : S1 × I → E(K2), such that g(S1 × {0}) = γ and g(S1 × {1}) =m. In particular,
g is π1-injective. We may assume that g|S1×int I is transversal to SC and g(S1 × I) ∩ ∂E(K2) = m. Thus g−1(SC ) is a set
of simple closed curves in S1 × I . By a standard argument in 3-manifold topology, we can assume that all these simple
closed curves are essential in S1 × I . These simple closed curves separate S1 × I into some sub-annuli, each of which is
sent by g into either G1 or G2. If there is a sub-annulus A which is sent by g into G2, then g|A : (A, ∂ A) → (G2, SC ) is
homotopic to a map into SC , by a homotopy which is constant on ∂ A. Otherwise, since G2 is Haken and ∂-irreducible, by
Annulus theorem [8, VIII.13], there exists a properly embedded essential annulus in G2. This contradicts with the fact that
G2 is anannular. Thus we can homotope g so that g(S1 × I) lies entirely in G1. By the same argument, we can homotope
g : (S1 × I, S1 × ∂ I) → (G1, ∂G1) so that g(S1 × I) lies in ∂G1, by a homotopy which is constant on S1 × ∂ I . Then the closed
curve γ is homotopic in ∂G1 to m. Therefore, γ is homotopic in SC to a component of ∂ SC .
Step 2. We shall describe the pre-image F = f −1(SC ). By a standard argument in 3-manifold topology, we can assume F
is a possibly disconnected properly embedded incompressible surface in E(K1). Moreover, each boundary component of F
is a meridian of K1. This is because f sends the meridians of K1 to the meridians of K2 and f |∂E(K1) can be homotoped
to a homeomorphism. By [13, Corollary 2.8, Lemma 2.9] and Lemma 2, an incompressible peripheral incompressible surface
with meridional boundary slope in E(K1) consists of a collection of incompressible 4-punctured spheres. (According to [13],
a properly embedded surface in E(K1) is called peripheral incompressible if it contains no non-peripheral simple closed curve
which is parallel to a meridian of K1.) So the properly embedded incompressible surface F , whose boundary components
are meridians of K1, can be obtained from a ﬁnite collection of disjoint incompressible 4-punctured spheres by a sequence
of peripheral tubing operations. (See [13] for the deﬁnition of peripheral tubing operation.) In other words, F can be decom-
posed into a ﬁnite collection of incompressible 4-punctured spheres and a ﬁnite collection of peripheral tubes. Throughout
the proof of this lemma, we ﬁx this decomposition of F .
Step 3. We can homotope f so that there exists one subsurface S ′C of F which is homeomorphic to a 4-punctured sphere
and is mapped homeomorphically into SC .
For a peripheral tube which is a member of the decomposition of F , choose a simple closed curve m′ in this peripheral
tube which is homotopic to a meridian of K1, then f (m′) is a closed curve in SC which is homotopic to a meridian of K2.
It follows from Step 1 that we can homotope f so that f (m′) is a simple closed curve which is boundary parallel in SC .
Furthermore, f sends each peripheral tube into a collar neighborhood of one component of ∂ SC .
Suppose S ′C is a 4-punctured sphere which is also a member of the decomposition of F . Each component of ∂ S ′C is
homotopic to a meridian of K1. So by the same argument in the preceding paragraph, we can assume that it is sent
homeomorphically into a collar neighborhood of one component of ∂ SC .
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By abuse of notation, we consider S ′C and SC as spheres in S3 each of which intersects the knots in 4 points. Both of
the lifts of S ′C and SC in the double branched covering, denoted by S˜ ′C and S˜C , are incompressible vertical tori. For any
essential simple closed curve in S ′C (SC ), its pre-image under p1 (p2) consists of two disjoint symmetric essential simple
closed curves in S˜ ′C ( S˜C ). For any arc which connects two punctures of S ′C (of SC ), its pre-image under p1 (p2) is a τ1
(τ2)-invariant closed curve in S˜ ′C (in S˜C ).
In S ′C , there are two punctures whose lifting in X(K1) belong to the same regular ﬁber, so do the other two punc-
tures. In other words, there is a simple arc b′ connecting these two punctures of S ′C and lifting to a τ1-invariant regular
ﬁber of X(K1). Then f (b′) lifts to a τ2-invariant closed curve which is homotopic to a regular ﬁber of X(K2), because
( f˜ )∗([h′]) = [h]. Since S˜C is incompressible, it is easy to verify that the two points ∂ f (b′) correspond to two distinct punc-
tures of SC whose lifting in X(K2) belong to the same regular ﬁber.
Therefore, there exists a subsurface S ′C of F which is homeomorphic to a 4-punctured sphere and whose four boundary
components are mapped into the collar neighborhoods of the four boundary components of SC respectively. Suppose other-
wise, the boundary of each such subsurface is mapped into the collar neighborhood of one of the two pairs of components
of ∂ SC , where each of the two pairs of components of ∂ SC corresponds to two punctures of SC whose lifting in X(K2)
belong to the same regular ﬁber. And each peripheral tube is mapped into the collar neighborhood of one of these two
components of ∂ SC . So the other two components of ∂ SC do not belong to the image of F . It’s impossible.
Hence, we can homotope f so that S ′C is mapped homeomorphically onto a subsurface of SC .
Step 4. We assume the axis a′ lies in S ′C , then f (a′) is a simple closed curve in SC . We shall prove that f (a′) is homotopic
to a, and end the proof of Lemma 3.
The map f˜ sends (p1)−1(a′) to (p2)−1( f (a′)). Since (p1)−1(a′) consists of two symmetric regular ﬁbers in X(K1) and
( f˜ )∗([h′]) = [h], (p2)−1( f (a′)) consists of two disjoint symmetric essential simple closed curves both of whose homotopy
classes are [h]. In S˜C , such essential simple closed curves must be homotopic to two symmetric regular ﬁbers of X(K2).
This is because there is a τ2-invariant simple closed curve which is parallel to these two essential simple closed curves and,
among the τ2-invariant simple closed curves in S˜C , only the τ2-invariant regular ﬁbers admit the homotopy class [h]. In SC ,
only the essential simple closed curve which is homotopic to the axis a has two symmetric regular ﬁbers of X(K2) as its
pre-image under p2. Thus f (a′) is homotopic to a. 
Lemma 3 immediately implies the following corollary.
Corollary 1. After an equivariant isotopy, f˜ sends (p1)−1(a′) to (p2)−1(a).
Lemma 4.
β ′1
α′1
+ β ′2
α′2
+ · · · + β ′r
α′r
= β1α1 +
β2
α2
+ · · · + βsαs .
Proof. By Proposition 1, there is a degree 1 map f˜ : X(K1) → X(K2). By [16, Corollary 3.3], the Euler numbers of the Seifert
ﬁbrations of X(K1) and X(K2) are equal, i.e.,
β ′1
α′1
+ β ′2
α′2
+ · · · + β ′r
α′r
= β1α1 +
β2
α2
+ · · · + βsαs . 
We denote by ξk (k = 1,2, . . . , s) the singular ﬁbers of X(K2), where ξk corresponds to the rational number βkαk , and
denote by Tk (k = 1,2, . . . , s) the boundary of a τ2-invariant ﬁbred tubular neighborhood of the singular ﬁber ξk in X(K2).
Removing the interior of the tubular neighborhood of the singular ﬁber ξk , which is bounded by Tk , for each k = 1,2, . . . , s,
we obtain a compact sub-manifold M2 of X(K2). See Fig. 7. Obviously M2 is τ2-invariant.
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Vs+1 = V1. The vertical annuli V = V1 ∪ V2 ∪ · · · ∪ Vs divide M2 into two compact vertical sub-manifolds, we denote
them by W1 and W2. There are two properly embedded τ2-invariant punctured spheres S1 and S2 in M2. Moreover,
M2 ∩ K˜2 = (S1 ∩ K˜2) ∪ (S2 ∩ K˜2).
We denote by ξ ′j ( j = 1,2, . . . , r) the singular ﬁbers of X(K1), where ξ ′j corresponds to the rational number
β ′j
α′j
, and de-
note by T ′j ( j = 1,2, . . . , r) the boundary of a τ1-invariant ﬁbred tubular neighborhood of the singular ﬁber ξ ′j in X(K1). Let
V ′j ( j = 1,2, . . . , r) be the τ1-invariant vertical annulus of X(K1) such that T ′j meets both V ′j and V ′j+1, where V ′r+1 = V ′1.
Let h1j = T ′j ∩ V ′j and h2j = T ′j ∩ V ′j+1.
From now on, all homotopies of f˜ preserve the conditions (1) and (2) of Proposition 1.
Lemma 5.We can homotope f˜ so that f˜ (T ′j) is an embedded vertical torus in X(K2), for j = 1,2, . . . , r.
Proof. We decompose the torus T ′j into two τ1-invariant annuli A
1
j and A
2
j so that A
1
j contains h
1
j , A
2
j contains h
2
j , and
∂ A1j = ∂ A2j consists of two symmetric regular ﬁbers. Since ∂ A1j is homotopic to p−11 (a′), by Corollary 1, we can assume that
f˜ sends ∂ A1j to two symmetric regular ﬁbers in X(K2).
We assume that f˜ (A1j ) intersects the annuli V and the singular ﬁbers of X(K2) transversely, the singular ﬁbers of X(K2)
is disjoint with the self-intersection points of f˜ (A1j ), and f˜ (h
1
j ∩ K˜1) does not lie in the singular ﬁbers of X(K2). The pre-
image of the singular ﬁbers under f˜ |A1j consists of a ﬁnite set of points in int(A
1
j ). Removing the open neighborhoods of
these points in A1j , we obtain a compact subsurface B
1
j of A
1
j . More carefully, we can assume that f˜ (B
1
j ) lies in M2 and the
image of each component of ∂B1j \ ∂ A1j is a simple closed curve in ∂M2. The surface B1j is τ1-invariant.
Consider the pre-image of the vertical annuli V under f˜ |B1j , it is a properly embedded sub-manifold of B
1
j , and we
denote it by P . It consists of some possible simple closed curves of B1j , and some possible simple arcs of B
1
j . Certainly,
P is τ1-invariant. The two points of h1j ∩ K˜1 belong to some curves of P . On the other hand, either there is a τ1-invariant
simple closed curve of P which contains the two points of h1j ∩ K˜1 or there are two τ1-invariant simple arcs of P which
contain the two points of h1j ∩ K˜1 respectively. Each component of ∂B1j \ ∂ A1j contains even number of endpoints of the
simple arcs of P , and the images of these points lie alternatively in the two τ2-invariant regular ﬁbers in a component
of ∂M2.
Step 1. We claim that each component of simple arcs of P must join two different components of ∂B1j . Suppose there is an
arc ζ which joins two points in the same component of ∂B1j , then, the images of the two endpoints of ζ lie in the same
τ2-invariant regular ﬁber in ∂M2. Thus, in this component of ∂B1j , between the two endpoints of ζ , there are odd number
of points which are the endpoints of the simple arcs in P by the observation in the preceding paragraph. If ζ is parallel
in A1j to this component of ∂B
1
j , then there is an arc component of P which intersects with ζ nontrivially, contradicting
with the fact that P is an embedded sub-manifold of B1j . If ζ is not parallel in A
1
j to this component of ∂B
1
j , then in
this component of ∂B1j , there is an arc ζ
′ such that ∂ζ ′ = ∂ζ and ζ ∪ ζ ′ is an essential simple closed curve in A1j , i.e.,
[ζ ∪ ζ ′] = [h′]. Hence, by ( f˜ )∗([h′]) = [h], we have [ f˜ (ζ ∪ ζ ′)] = [h]. However, when we project f˜ (ζ ∪ ζ ′) to the base orbifold
of X(K2), we ﬁnd that the image of f˜ (ζ ∪ ζ ′) is not null homotopic. In fact, if we present the fundamental group of the
base orbifold of X(K2) as 〈c1, c2, . . . , cs | cα11 = cα22 = · · · = cαss = c1c2 . . . cs = 1〉, where each ck corresponds to a singular
ﬁber of X(K2), then the homotopy class of the projection image of f˜ (ζ ∪ ζ ′) is presented by cnkk for some k = 1,2, . . . , s,
where nk is a nonzero integer with absolute value strictly less than αk . By the proof of [7, 12.2 Theorem], this orbifold has
a ﬁnite covering space such that any lift of a loop corresponding to cnkk is an arc with distinct endpoints, so c
nk
k = 1. Hence
[ f˜ (ζ ∪ ζ ′)] = [h]. Therefore, we also obtain a contradiction.
Step 2. Suppose that there is an arc ζ which lies in f˜ (B1j )∩ Vk such that ζ joins two points of the same component of ∂Vk ,
say Vk ∩ Tk , then we can decrease the number of intersection points of f˜ (A1j ) ∩ ξk , or equivalently, decrease the number of
components of ∂B1j .
The two points ∂ζ lie in two meridian disks of the tubular neighborhood of ξk , respectively. We may assume that these
two meridian disks are two components of the intersection of f˜ (A1j ) with the tubular neighborhood of ξk . See Fig. 8. By
an argument in the proof of [6, Proposition 1.11], we can homotope f˜ to eliminate these two intersection points from
f˜ (A1j ) ∩ ξk . If these two points are not the τ2 image of each other, then by symmetry, we simultaneously eliminate another
two intersection points from f˜ (A1) ∩ ξk .j
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Step 3. Suppose that each arc in f˜ (B1j ) ∩ V joins two points in the different boundary components of one of the annulus
in V , then we have no chance to perform the homotopy in Step 2. However, we can show that this situation cannot occur
as follows.
The essential arcs and the disks which are mapped into the tubular neighborhoods of the singular ﬁbers of X(K2) form
a planar graph in A1j , where the disks are viewed as vertices. Choose a component of this graph, and denote it by G . We
denote the set of vertices of G by V (G), the set of edges of G by E(G), and the set of components of the complement of
G in A1j by F (G). Note that G can be regarded as a cell decomposition of the 2-sphere obtained from the annulus A
1
j by
adding two discs. Hence we have the Euler formula |V (G)| − |E(G)| + |F (G)| = 2, where | · | denotes the number of the
elements of the set.
We divide the vertices of G into s classes, the vertex of the kth class corresponds to a disk whose image lies in the
tubular neighborhood of the singular ﬁber ξk in X(K2). Suppose the number of vertices of the kth class is ak , then |V (G)| =
a1 +· · ·+as , and the valency of a vertex of the kth class is 2αk . So |E(G)| = a1α1 +· · ·+asαs , and |F (G)| = |E(G)|− |V (G)|+
2 = (a1α1 + · · · + asαs) − (a1 + · · · + as) + 2.
Each edge of G is adjacent with two components of F (G), and the number of edges in the boundary of each component
of F (G) is a multiple of s, so 2|E(G)|  s|F (G)|. Then, 2(a1α1 + · · · + asαs)  s((a1α1 + · · · + asαs) − (a1 + · · · + as) + 2).
Equivalently, a1 + · · · + as  (1− 2s )(a1α1 + · · · + asαs)+ 2. Since s 4 and each αk  2, a1 + · · · + as  (1− 2s )(a1α1 + · · · +
asαs) + 2 a1 + · · · + as + 2. It’s absurd.
Step 4. We shall prove that f˜ can be homotoped so that f˜ (A1j ) is an embedded vertical annulus in X(K2).
Now, f˜ (A1j ) is disjoint from the singular ﬁbers of X(K2). Thus P consists of only simple closed curves, and there is
exactly one component of P which is τ1-invariant and contains the two points of h1j ∩ K˜1. In particular, B1j = A1j .
For the components of P which miss the two points of h1j ∩ K˜1, their images lie in some components of V \ K˜2. So, by
f˜∗([h′]) = [h], these simple closed curves must be contractible in A1j . Thus we can homotope f˜ to eliminate these simple
closed curves.
Therefore, P consists of exactly one τ1-invariant simple closed curve which contains the two points of h1j ∩ K˜1. The image
of this τ1-invariant simple closed curve lies in one component of V . It is easy to know that this τ1-invariant simple closed
curve is non-contractible in A1j . Thus we can homotope f˜ so that P consists of exactly h
1
j , and f˜ (h
1
j ) is a regular ﬁber in
this component of V . So f˜ (h1j ) separates f˜ (A
1
j ) into two symmetric parts which lie in int W1 and int W2 respectively, and
we can easily homotope f˜ so that f˜ (A1j ) is an embedded vertical annulus in X(K2).
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vertical annulus in X(K2). Since f˜ (A1j )∩ f˜ (A2j ) consists of regular ﬁbers in int W1 ∪ int W2, we can homotope f˜ to eliminate
the regular ﬁbers in f˜ (A1j )∩ f˜ (A2j ) which does not belong to ∂ f˜ (A1j ). Thus f˜ (T ′j) is an embedded vertical torus in X(K2). 
Lemma 6. Suppose f˜ (T ′j) ( j = 1,2, . . . , r) is an embedded vertical torus Tˆ j in X(K2). Then Tˆ j bounds a ﬁbred tubular neighborhood
of a singular ﬁber, corresponding to a rational number of type ± β
′
j
α′j
(mod 1).
Proof. Since T ′j is compressible in X(K1), Tˆ j is compressible in X(K2). The group π1(T
′
j) can be presented by 〈c′j〉 × 〈[h′]〉,
where (c′j)
α′j [h′]β ′j = 1 in π1(X(K1)). The group π1(Tˆ j) can be presented by 〈c〉 × 〈[h]〉, where c denotes the homotopy
class of the simple closed curve Tˆ j ∩ S1. The homeomorphism f˜ |T ′j : T ′j → Tˆ j induces an isomorphism ( f˜ |T ′j )∗ : π1(T ′j) →
π1(Tˆ j). So we have ( f˜ |T ′j )∗(c′j) = c±1[h]n and ( f˜ |T ′j )∗([h′]) = [h], where n is an integer. Thus c
±α′j [h]nα′j+β ′j = 1 in π1(X(K2)).
Therefore, Tˆ j bounds a solid torus which is the ﬁbred tubular neighborhood of a singular ﬁber in X(K2) which corresponds
to the rational number ± β
′
j
α′j
(mod 1). 
In X(K1), there is a solid torus bounded by T ′j , we denote it by Y
′
j . By Lemmas 5 and 6, we can assume that T
′
j is sent
homeomorphically to a torus Tˆ j which bounds a tubular neighborhood of a singular ﬁber in X(K2). We denote this solid
torus by Y j .
Lemma 7.We can homotope f˜ so that the solid torus Y ′j is sent homeomorphically onto the solid torus Y j .
Proof. The solid torus Y ′j contains two subarcs of K˜1, we denote them by σ
′
1 and σ
′
2. The solid torus Y j contains two sub-
arcs of K˜2, we denote them by σ1 and σ2. The arcs σ ′1 and σ ′2 lie in two meridian disks of Y ′j and divide these two disks
into two symmetric parts, respectively. So do σ1 and σ2 in Y j .
Since f˜ sends the meridian of Y ′j to that of Y j , we can assume that the endpoints of σ
′
1 is sent to that of σ1, the
endpoints of σ ′2 is sent to that of σ2. We claim that σ ′1 is sent to σ1 after some necessary homotopy of f˜ . Suppose
otherwise, then the union of σ1 and f˜ (σ ′1) is a loop whose homotopy class is a nontrivial power of the homotopy class
of K˜2 in π1(X(K2)). The arc σ ′1 divides the boundary of its ambient meridian disk into two arcs, we denote one of them
by ρ ′ . Also, the arc σ1 divides the boundary of its ambient meridian disk into two arcs, we denote one of them, which is
the image of ρ ′ , by ρ . Then the union of ρ and f˜ (σ ′1) is a null homotopic closed curve in X(K2). On the other hand, the
union of ρ and σ1 bounds a disk in X(K2). Hence, the union of σ1 and f˜ (σ ′1) is a null homotopic closed curve in X(K2).
Therefore, the homotopy class of K˜2 is a torsion in π1(X(K2)). However, by [7, 9.4 Lemma], π1(X(K2)) contains no torsion.
So K˜2 is null homotopic in X(K2). This contradicts with Lemma 2, and the claim holds. By the same reason, σ ′2 is sent to
σ2 after some necessary homotopy of f˜ .
Now we can homotope f˜ so that the meridian disks containing σ ′1 and σ ′2 are sent to the meridian disks containing
σ1 and σ2, respectively. Furthermore, we can homotope f˜ so that the solid torus Y ′j is sent homeomorphically to the solid
torus Y j . 
Lemma 8.We can homotope f˜ so that f˜ (V ′j) is contained in some component of V , and f˜ |V ′j is ﬁber preserving, i.e., each regular ﬁber
in V ′j is sent to a regular ﬁber in V .
Proof. In X(K1), choose a τ1-invariant vertical torus which contains exactly two τ1-invariant regular ﬁbers h2j−1 and h
1
j .
Split this torus into two vertical annuli, denoted by E j and τ1(E j), so that ∂E j = ∂τ1(E j) = h2j−1 ∪ h1j .
Fixing the image of ∂E j , we assume that the image of the interior of E j intersects the annuli V and the singular ﬁbers
of X(K2) transversely, moreover, the singular ﬁbers of X(K2) is disjoint with the self-intersection points of f˜ (E j). Applying
a similar argument as in the proof of Lemma 5, we can assume that f˜ (E j) is disjoint with all singular ﬁbers of X(K2).
Moreover, f˜ −1(V ) ∩ E j consists of h2j−1, h1j and some possible contractible simple closed curves in E j . Therefore, there
exists a simple arc η which connects the two boundary components of E j , intersects with f˜ −1(V ∪ (⋃k Tk)) only on two
points ∂η, and is mapped into W1 or W2, say W1. Hence, in W1, there exists an immersed vertical annulus bounded
by f˜ (h2j−1) ∪ f˜ (h1j ), containing f˜ (η), and intersecting with K˜2 exactly in ( f˜ (h2j−1) ∪ f˜ (h1j )) ∩ K˜2. Since π2(X(K2) \ K˜2) =
π2(E(K2)) = 0, we can homotope f˜ relative to h2j−1, h1j and η so that f˜ (E j) is an immersed vertical annulus. Equivariantly,
f˜ (E j ∪ τ1(E j)) is an immersed vertical torus in X(K2).
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The immersed vertical torus f˜ (E j ∪τ1(E j)) intersects V exactly in f˜ (h2j−1)∪ f˜ (h1j ). If f˜ (h2j−1) = f˜ (h1j ), then, by eliminat-
ing the regular ﬁbers in the self-intersection of f˜ (E j) and in the self-intersection of f˜ (τ1(E j)), we can homotope f˜ relative
to h2j−1, h
1
j so that f˜ (E j ∪ τ1(E j)) is an embedded vertical torus in X(K2). The torus E j ∪ τ1(E j) bounds a solid torus which
is a neighborhood of a τ1-invariant regular ﬁber in X(K1). By the same argument as in the proof of Lemma 6, we know that
the torus f˜ (E j ∪ τ1(E j)) bounds a solid torus which is a neighborhood of a τ2-invariant regular ﬁber in X(K2). So f˜ (h2j−1)
and f˜ (h1j ) must lie in the same component of V . If f˜ (h
2
j−1) = f˜ (h1j ), then f˜ (h2j−1) and f˜ (h1j ) obviously lie in the same
component of V . We denote this component of V by V1.
The intersection V ′j ∩ K˜1 consists of two arcs, we denote them by σ ′1 and σ ′2. In the annulus E j , there are two simple
arcs which cobound disks with σ ′1 and σ ′2 respectively. Applying the same argument as in the proof of Lemma 7, we know
that both f˜ (σ ′1) and f˜ (σ ′2) belong to V1, after necessary homotopy.
Since V ′j \ (σ ′1 ∪ σ ′2) consists of two symmetric disks, we can homotope f˜ so that V ′j is sent into V1, and f˜ |V ′j is ﬁber
preserving. 
Lemma 9. The map f˜ can be homotoped to be ﬁber preserving, i.e., each regular ﬁber in X(K1) is sent to a regular ﬁber in X(K2).
Proof. By Lemmas 7 and 8, we can assume that f˜ is ﬁber preserving on
⋃r
j=1(Y ′j ∪ V ′j). Since the remainder of X(K1)
consists of two symmetric vertical solid tori, we can homotope f˜ to be ﬁber preserving in the whole of X(K1). 
By Lemma 9, the pre-image of each singular ﬁber in X(K2) consists of a set of singular ﬁbers in X(K1). Then there
exists a ﬁbred τ2-invariant tubular neighborhood of each singular ﬁber in X(K2) whose pre-image consists of a set of
disjoint ﬁbred τ1-invariant tubular neighborhoods of singular ﬁbers in X(K1). Moreover, by Lemma 6, the restriction of
f˜ on each component of the pre-image is a homeomorphism. Since deg( f˜ ) = 1, the number of the components of the
pre-image on which f˜ is orientation-preserving is 1 more than the number of the components of the pre-image on which
f˜ is orientation-reversing.
More precisely, for the singular ﬁber ξk which corresponds to
βk
αk
, suppose its pre-image consists of ξ ′k,1, ξ
′
k,2, . . . , and
ξ ′k,nk . There is a ﬁbred τ2-invariant tubular neighborhood, N(ξk), of this singular ﬁber satisfying the condition that its pre-
image consists of a disjoint union of ﬁbred τ1-invariant tubular neighborhoods N(ξ ′k,1), N(ξ
′
k,2), . . . , and N(ξ
′
k,nk
). Since the
restriction of f˜ on each N(ξ ′k, j) is a homeomorphism, the singular ﬁber ξ
′
k, j must correspond to a rational number of type
± βkαk (mod 1). This also follows from Lemma 6. If the homeomorphism is orientation preserving, then ξ ′k, j corresponds to
a rational number of type βkαk (mod 1). If the homeomorphism is orientation reversing, then ξ
′
k, j corresponds to a rational
number of type − βkαk (mod 1). So the number of singular ﬁbers in {ξ ′k,1, ξ ′k,2, . . . , ξ ′k,nk } corresponding to the rational numbers
of type βkαk (mod 1) is 1 more than that of the singular ﬁbers corresponding to the rational number of type −
βk
αk
(mod 1).
By Theorem 2 and Lemma 4, without changing the equivalence class of K1, we can assume that the rational numbers of
type βkαk (mod 1) (resp. −
βk
αk
(mod 1)) are exactly βkαk (resp. −
βk
αk
) for k = 1,2, . . . , s.
Removing the disjoint ﬁbred τ1-invariant tubular neighborhoods of singular ﬁbers in X(K1), which are the pre-image of
the ﬁbred τ2-invariant tubular neighborhoods of singular ﬁbers in X(K2), we obtain a τ1-invariant compact vertical sub-
manifold M1 and a proper degree 1 map f˜ |M1 : M1 → M2 which still satisﬁes the conditions (1) and (2) of Proposition 1,
and is ﬁber preserving. The quotient of Mi modulo by the regular ﬁbers and the involution τi is a disk whose boundary
is the associated labeled cycles of the knot. The map f˜ induces a proper degree 1 map between two disks, and hence a
degree 1 map between the associated labeled cycles which satisﬁes Theorem 1. See Fig. 9, where the bold curves are the
associated labeled cycles.
Hence, we obtain a knot K̂1 which is equivalent to K1 and satisﬁes the properties (a) and (b) in Theorem 1. Therefore,
the necessity of Theorem 1 holds, and the proof of Theorem 1 is completed.
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